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Cumulative spectral analysis (CSA) of transient decaying signal portions is an effective
approach to detecting spectral distortion and to determine quickly the principal resonant
frequency of a public-address system before it starts howling. Spectral distortion, so-called
coloration, due to periodic delays in a feedback loop, which might cause howling of the loop,
could be detected by observing a spectral-accumulation process of the signals. CSA was
originally proposed by Berman and Fincham for transient analysis of loudspeakers. The
cumulative spectral process is investigated by introducing a spectral accumulation function
into CSA, called cumulative harmonic analysis (CHA), so that the spectral accumulation
process might be visualized effectively. The spectral accumulation effect of signals or im-
pulse responses revealed by CSA is a little less than that found when using CHA. Conse-
quently while a spectral-frequency distribution of the dominant frequency components picked
up by CHA for decaying speech-signal portions clearly displays the coloration due to feed-
back speech signals, it can nevertheless be only slightly perceived by listening. Thus fre-
quency distribution analysis by CHA or by conventional CSA for short decaying segments of
signal samples can be useful in the blind prediction of the howling frequency without detailed
specifications of the transfer functions and the original input signals under in situ conditions.
As future work is concerned, it is necessary to investigate how long an observation interval
would be required, and what kind of accumulation function is effective to predict howling
frequencies. In particular, simulation experiments for multiple input and output systems,
including time-variant closed loops under reverberation conditions, would be necessary for
evaluating the proposed method from a practical point of view.

0 INTRODUCTION

Time–frequency analysis plays a fundamental role in
signal representation and the detection of spectral distor-
tions. This study investigates the time-dependent fre-
quency distortion of speech signals through a feedback
loop, such as an audio public-address system, which is

commonly called spectral coloration because of the system
resonance. Even if the spectral coloration can be only
slightly perceived by listening, the free-oscillation com-
ponents of the resonance could be a main factor in howl-
ing. Therefore spectral-coloration analysis is significant
for predicting the howling frequency of a closed loop and
realizing a stable acoustic system. It is desirable that we
represent the frequency characteristics, including the col-
oration, for a sound systems under in situ conditions. We
will see that cumulative spectral analysis (CSA) [1] is a
way to determine quickly what the principal resonant fre-
quency of a public-address system is before it starts howling.
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CSA was originally proposed by Berman and Fincham
[1] and formulated by means of their Fourier transform of
an impulse response record using a unit-step time-window
function. It performs a time–frequency analysis of the
transient response of a linear system such as a loudspeaker
corresponding to a tone-burst input signal. Bunton and
Small [2] extended the original CSA so that the transient
responses to filtered tone-burst signals without abrupt
changes might be analyzed. Although various approaches
to time–frequency representations of signals have been
proposed [3] since CSA, the authors evaluate the advan-
tage of the spectral accumulation by CSA for predicting
howling frequencies as opposed to a conventional view-
point of CSA.

The spectral-accumulation effect can be emphasized by
substituting a spectral-accumulation function for the unit-
step time-window function of CSA. The authors call this
substituted formula cumulative harmonic analysis (CHA).
The spectral-accumulation process, such as a growing
spectral peak inherent in signals, might be effectively dis-
played by CSA or CHA. CHA, however, visualizes the
spectral-accumulation process by increasing the order of
the resonance poles of the transfer functions.

A feedback loop, in principle, yields periodic signals.
The harmonic spectral structures of periodic signals are
typical examples of spectral-accumulation processes. A
periodic signal can be expressed by the convolution of a
cycle of a waveform and a periodic pulse sequence. The
periodic pulse sequence yields the harmonic structure as
the length of the periodic sequence increases. Thus the
harmonic structure of a periodic signal is the result of the
superposition of repeated spectral records with a fixed
phase lag. That is, as the periodic-signal length becomes
longer, spectral peaks grow due to the in-phase accumu-
lation of the harmonic sinusoidal components correspond-
ing to the period.

However, if the superposition makes the resultant signal
unstable beyond the steep but stable spectral peaks, then
the system that produces the superposition starts howling.
Howling can be interpreted as a change from the spectral
periodicity of signals to the spectral selectivity dominated
by only a few components. Estimating the spectral-ac-
cumulation process that reaches howling is quite important
for making a public-address system stable. Samples of
simulation results for speech signals, as typical examples
of wide-band signals, through a feedback loop contained
in a public-address system, are presented. We will see that
an accumulated spectral distribution for short samples, in-
cluding decaying signal portions, reveals the spectral col-
oration due to feedback signals, which indicates the howl-
ing frequency.

A decaying signal portion might be useful to character-
ize the free oscillations of an acoustic system [4], [5]. The
free-oscillation component that causes howling could be
displayed by visualizing the spectral accumulation process
according to CSA or CHA, both of which visualize how
fast and which frequency component is growing. Thus
CSA or CHA is a possible effective way of time–
frequency analysis for estimating the howling frequency
by means of the spectral-accumulation process. However,

from a theoretical point of view CHA emphasizes the ef-
fect of resonance poles better than CSA.

This engineering report is organized as follows. In Sec-
tion 1 CSA is reviewed and CHA is formulated using the
Fourier transform from the point of view of the spectral
accumulation function. We confirm that CHA increases
the order of the resonance poles by using an impulse-
response model for a single-degree-of-freedom system. In
Section 2 speech samples in the feedback loop are ana-
lyzed by CSA, CHA, and conventional DFT analysis. Both
CSA and CHA work well in estimating the howling fre-
quency, even for speech materials. CHA visualizes the
harmonic structure a little more clearly than CSA. In Sec-
tion 3 we discuss a possibility of predicting howling at an
early stage under in situ conditions. We introduce the
spectral-frequency distribution of decaying speech por-
tions picked up by CHA. The spectral coloration due to
feedback speech, which indicates the howling frequency,
is displayed using spectral-frequency distributions for
short segments of a speech material that includes decaying
portions. In Section 4 we summarize that the frequency-
distribution analysis based on CHA has great potential in
the prediction of howling under in situ conditions. In fu-
ture work simulation experiments under time-variant and
reverberation conditions, including multiple inputs and
outputs, are necessary to evaluate the proposed method
from a practical point of view.

1 FORMULATION OF CUMULATIVE
SPECTRAL ANALYSIS

Berman and Fincham [1] defined the cumulative spec-
tral analysis (CSA) of an impulse response record for char-
acterizing the transient response of a loudspeaker system.
Suppose that a sinusoidal signal in a complex function
form such as

s�n� ≡ u�n�ej�n (1)

is an input signal for a system with the impulse response
h(n). CSA is formulated as

CSA�n, e−j�� = �
m=0

n

u�n − m�ej��n−m�h�m�

≡ ej�n �
m=0

n

H�m, e−j��. (2)

Here

H�m, e−j�� ≡ u�n − m�h�m�e−j�m, 0 � m � n (3)

where u(n) is a unit-step function corresponding to input
signal conditions such as

u�n� = �1, 0 � n

0, n � 0.
(4)

Bunton and Small [2] investigated the effect of input
signal conditions on CSA by filtering the input tone-burst
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signals. We look at the spectral-accumulation property of
CSA rather than the input signal conditions. The spectral-
accumulation effect is emphasized by substituting a spec-
tral-accumulation function for the unit-step window func-
tion defined by Eq. (4). Suppose that we have a signal
sequence x(n) and define a spectral-accumulation function
w(n). We define the cumulative harmonic analysis (CHA)
of x(n) as

CHA�n, e−j�� ≡ �
m=0

n

w�m�x�m�e−j�m. (5)

Introducing an example of a simple spectral-accumulation
function such as

w�m� ≡ m + 1, 0 � m � n (6)

into w(n), we have

CHA�n, e−j�� ≡ CHA�n, z−1� | z=ej�

= �
m=0

n

�m + 1�x�m�z−m

= 1x�0�z−0 + 2x�1�z−1 + 3x�2�z−2

+ · · · + nx�n�z−n (7)

using the z transform, where we set z � ej�.

The effect of the transfer function pole on the frequency
characteristics can be emphasized by CHA. Suppose that
we have the sequence

h�n� ≡ an, n = 0, 1, 2, . . . ; 0 � |a | � 1. (8)

If we take a limit such as

H�z−1� ≡ �
n=0

�

�n + 1�anz−n (9)

lim
n→�

CHAH�n, z−1� ≡ lim
n→� �

m=0

n

�m + 1�amz−m

=
1

�1 − az−1�2 (10)

then we can see that CHA increases the order of the poles.
Fig. 1 is a schematic of CHA with the accumulation

function w(n) given by Eq. (6). Using a discrete Fourier
transform (DFT) for discrete signal analysis, CHA can be
written as

CHA�n, k� ≡ �
m=0

n

w�m�x�m�e−j
2�k

N
m (11)

where we set N to include zero padding after the signal
record of interest so that frequency interpolation might be

Fig. 1. Schematic of cumulative harmonic analysis (CHA) using a numerical example. w(m) � m + 1.
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adequately performed. We can see that the time-window
function w(n) can be interpreted as a spectral-accumula-
tion function.

Fig. 2 is a sample of the CSA of an impulse response for
a single-degree-of-freedom system. The locations of the
complex-conjugate poles are shown in Fig. 2(a). The im-
pulse response is illustrated in Fig. 2(b), and magnitude
records for CSA and CHA are displayed in Fig. 2(c) and
(d). The maximum magnitude is normalized to unity at
every instant. We can confirm that the spectral-

accumulation process where the resonant peak is growing
is emphasized by CHA.

2 CUMULATIVE ANALYSIS OF SPEECH
SIGNALS IN A FEEDBACK LOOP

Howling control is critical to a stable public-address
system. To estimate the howling frequency and avoid un-
stable amplification, it is useful to visualize under stable
conditions, prior to howling, how the frequency compo-
nents of the input signals, including feedback, can be nar-
rowed down to a single element. If it is possible to test a
system including a feedback loop, then observation of the
reverberation sound might be a good way to diagnose the
system.

Fig. 3 illustrates a system with a stable feedback loop.
Fig. 3(a) shows an open-loop impulse response and its
magnitude frequency response from the loudspeaker to the
microphone. Similarly, Fig. 3(b) shows the responses in-
cluding the stable feedback loop.

Let us take a speech signal as a typical example of
wide-band signals fed to a sound system. Fig. 4(a) shows
speech signals in the original (left), a stable feedback loop
(center), and an unstable loop (right). The impulse re-
sponse for the stable loop is the same as that shown in Fig.
3. Fig. 4(b) and (c) visualizes the accumulated spectral
magnitude by CSA and CHA, and Fig. 4(d) shows the
result from a conventional spectrogram using STFT. The
maximum magnitude is normalized to unity in the figure at
every instant.

CHA emphasizes the harmonic structure of the speech
sample, as shown by the left column of Fig. 4(c). The
harmonic structure of the speech signal builds up after the
onset of the speech signal. We can clearly see the spectral-
accumulation process making the harmonic structure as
the time goes by. The impulse response for the feedback
loop, however, breaks the harmonic structure inherent in
the speech signal, as shown in the center column. In the
unstable feedback loop the spectral property is destroyed
to the extent that no periodic property is displayed in the
right column of the figure. Instead, only a single major
component is illustrated. This single component corre-
sponds to the howling frequency, which is the highest
spectral peak of the magnitude response in Fig. 2(d).

The CSA magnitude [left column in Fig. 4(b)] also re-
veals the harmonic structure of the original speech sample,
but the spectral-accumulation effect by CSA in the process
where the dominant frequencies are selected is a little less
than that of CHA. We can see the harmonics more clearly
by CHA rather than by CSA in a stable feedback loop. The
howling frequency is predictable by both CSA and CHA
for a speech sample in the feedback loop, as we see in the
right column, while we can see no clear indication from
the conventional spectrogram in Fig. 4(d).

It is desirable that we can predict the frequency under in
situ conditions for a system that includes a feedback loop
such as a public-address system. The center column, how-
ever, implies that estimating the howling frequency might
be difficult under stable-loop conditions, even by CSA or
CHA. But if we look closer at the displays for the signal-

Fig. 2. Cumulative spectral analysis of impulse response for a
single-degree-of-freedom resonance system. (a) Locations of
complex-conjugate poles of transfer function located at �/4 in z
plane. (b) Sequence of impulse responses. (c), (d) Maximum
CHA and CSA magnitudes, normalized to unity at every instant.
N � 800.
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Fig. 3. Impulse responses and frequency characteristics. (a) Open-loop simulation. (b) Feedback-loop simulation.

Fig. 4. Spectral analysis for speech samples. Left—original; center—stable feedback loop; right—unstable feedback loop. (a) Speech
waveforms. (b) CSA magnitude. (c) CHA magnitude. (d) Spectrogram by STFT, where STFT is calculated for 12.5-ms frame length
with frequency interpolation by zero-padding and hop size set to 1/10 frame length. Length of DFT, N � 8192 points, sampling
frequency fs � 8 kHz.
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decaying portion, we can get a clear indication about the
howling frequency. The decaying portions of the signal in
principle are composed of free oscillations of a linear sys-
tem of interest. Therefore there are clear differences be-
tween the left (original) and center (stable-loop) columns
for the decaying portions of the signal. The decaying por-
tions are also useful in estimating the reverberation time in
reverberation space under in situ condition [4].

The spectral distortion of a signal due to a feedback
loop is commonly called coloration [6]. If we can detect
spectral coloration, then it might be possible to predict the
howling frequency at an early stage prior to howling. For
that purpose we will investigate accumulated spectral dis-
tributions picked up by CHA for the transient decaying
signal portions under feedback-loop conditions. We expect
that the frequency distribution will display a clear differ-
ence between the feedback loop and the original signal.

3 FREQUENCY DISTRIBUTIONS FOR
DECAYING SPEECH-SIGNAL PORTIONS IN A
STABLE LOOP

Frequency distributions of a signal observed through a
linear system are useful for the blind characterization of
the system transfer function [4], [5]. We assume that there
is a difference between the frequency distribution of a signal
with a transfer function and the original signal, when we
observe the signal through a linear system. Here we regard
the difference as the spectral coloration through the linear
system from a perceptual point of view, although there are
no nonlinear distortions in terms of linear system theory.
This spectral coloration is due to the spectral selectivity in
the spectral-accumulation process for the linear system.

Fig. 5 is an example of short frames of decaying or
stationary portions of a speech sample which are observed

Fig. 5. Samples of CHA magnitude of four short observation frames. (a) Decaying portion. (b) Stationary portion. Left—waveforms
per frame; center—squared waveforms and linear-regression lines; right—CHA magnitude plots obtained after spectral accumulation
over a single frame (20 ms) using w(n), where maximum magnitude is normalized to unity at every panel. Frame length � 20 ms; w(m)
≡ m + 1 (0 � m � n, n � 0.02 fs); hop size � 1/8 frame length; length of DFT, N � 4096 points; sampling frequency fs � 8 kHz.
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through the stable feedback loop whose impulse response
was shown in Fig. 3. The left column shows short seg-
ments of the speech sample in the feedback loop. The
speech sample is observed on a frame-by-frame basis,
where the frame length is 20 ms and frames are taken
every 2.5 ms (with a hop size of 1/8 frame length). Every
frame was classified into decaying, stationary, or other,
according to the linear regression analysis for the squared
sequence on a dB scale, as shown in the center column.
The method of frame classification is summarized in Fig.
6. CHA is performed only for decaying or stationary por-
tions, and thus spectral accumulation is carried out within
a single frame at 20-ms intervals. CHA plots show only
the results every 20 ms, that is, the right column illustrates
only the CHA magnitude obtained after spectral accumu-
lation at the last instant of a single frame of interest. The
maximum magnitude is normalized to unity in every CHA
panel.

Examples using four short frames are displayed in Fig.
5, with Fig. 5(a) showing the decaying and Fig. 5(b) the

stationary portions. We can see a remarkable difference
between the two portions in the CHA magnitude records.
CHA records for the decaying portions have an isolated
spectral peak around 2 kHz, clearly different from those in
the stationary portions. This difference indicates the spec-
tral distortion due to the feedback loop, and the frequency
of the spectral peak corresponds to the howling frequency
shown in Fig. 4.

According to the results shown in Fig. 5 we obtain
histograms for the dominant spectral components for the
decaying and the stationary short signal frames. The
method for counting the histograms is summarized in Fig.
6. We take the dominant components only in a frame
where the number of spectral components with CHA mag-
nitudes greater than 0.5 is smaller than 4. Here the CHA
magnitude is observed after spectral accumulation at the
last instant of a single frame of interest, similar to the right
columns of Fig. 5(a) and (b). The spectral components lo-
cated at the same frequency band (with ±5 Hz) for four suc-
cessive frames are picked up as the dominant frequencies.

Fig. 5. Continued
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Fig. 7 shows examples of histograms for the dominant
components (decaying and stationary segments) picked up
from the original speech samples (top) as well as the those
in the stable closed loop (bottom). The total record length of
the speech material used in this analysis is 90 s, including any
pauses. Here the results for the original speech are illustrated
only for reference. The original samples could not be ob-
served for a public-address system under in situ conditions.

Fig. 7 confirms the differences in the histograms be-
tween the decaying and the stationary frames. The histo-
grams for the decaying portions has an isolated spectral
peak around 2 kHz, which indicates the spectral distortion
due to the feedback loop, and the frequency of the spectral
peak corresponds to the howling frequency shown in Fig.
4. If we observe the histogram for the original speech for
the reference, then we see that for the stationary segments
there are no significant differences between the original
and the feedback-loop samples. On the contrary the dif-
ferences around 2 kHz in the decaying portions could also
be confirmed between original and feedback samples. Al-
though making the histograms for the dominant compo-
nents requires a time interval that is a little longer, the
results displayed in Fig. 7 suggest that there is a possibility
to predict the howling frequency in situ and under blind

conditions without a specified knowledge of the transfer
function, including a feedback loop and the original sig-
nals. Fig. 8 shows the histograms for 90/4 s during 90 s
including fedback speech. This figure suggests that the
prediction algorithm for the howling frequency using
CHA is able to work even in a period shorter than 90/4 s.
We could predict the howling frequency by using the his-
togram of the cumulative analysis of decaying parts in our
simulation experiments where the system was time invari-
ant and included a single input and a single output with a
closed loop of short reverberations. If we wish to prevent
howling, it is desirable to predict the howling frequency
under stable and time-invariant conditions prior to howl-
ing. Therefore our simulation results obtained for stable
conditions suggest that the proposed method could be ef-
fective in the prediction of howling.

4 SUMMARY

We have developed a possibility to predict the howling
frequency by investigating a way to quickly determine the
principal resonant frequency of a public-address system
before it starts howling. Resonance or howling can be
interpreted as the stable or unstable spectral accumulation

Fig. 6. Method for counting dominant CHA magnitude for histogram analysis where histogram counting is performed for decaying and
stationary portions. In Figs. 5 and 7, T � 0.02 s, H � 1/8 frame length; Ec � 1/5 per frame squared sample average; THS � 0.5,
where maximum CHA magnitude is normalized to unity; K � 4, I � 4, BW � 5 Hz.
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Fig. 7. Histograms of dominant spectral components picked up by CHA for short samples of speech signals analyzed following
procedure shown in Fig. 6. (a) Decaying portions. (b) Stationary portions. Total record length of the speech 90 s. Results for original
speech samples are illustrated only for reference.

Fig. 8. Histograms of dominant spectral components for feedback-loop speech. (a) Waveform of feedback-loop speech used for Fig.
7. (b), (c) Histograms accumulated every 90/4 s for decaying and stationary parts.
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process of signals through a linear system, where the dom-
inant frequencies are selected and focused. The spectral
accumulation process can be displayed by CHA (cumula-
tive harmonic analysis), which is formulated by introduc-
ing a spectral accumulation function into the conventional
cumulative spectral analysis (CSA). Both conventional
CSA and CHA are effective in predicting the howling
frequency. However, the spectral-accumulation effect re-
vealed by CSA is a little less than that of CHA. CHA
displays and emphasizes the accumulation process by in-
creasing the order of resonance poles. Frequency distribu-
tions (histograms) constructed by the dominant frequency
components picked up by CHA indicated a significant
difference between decaying and stationary short seg-
ments of a speech material observed in a stable feedback
loop. This result suggests that the proposed analysis
method for the prediction of howling frequency might be
able to work even in a period shorter than 90/4 s. It is
necessary to investigate how long an observation time is
effective to find the difference in the frequency distribu-
tion. An effective and smart method for the short-frame
segmentation of signals into decaying or stationary frames
under feedback-loop conditions is still under study, and
the effect of external noise or reverberation on the color-
ation analysis for howling frequency prediction is a future
problem. In particular, simulation experiments under time-
variant and reverberation conditions, including multiple

inputs and outputs are necessary for evaluating the pro-
posed method from a practical point of view. In addition,
we used only a simple example of the spectral accumula-
tion function, and therefore the optimization of the accu-
mulation function is also left for future study.
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